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Abstract
In the extraction of αs from hadronic τ decays diﬀerent moments of the spectral functions have been used. Further-
more, the two mainstream renormalization group improvement (RGI) frameworks, namely Fixed Order Perturbation
Theory (FOPT) and Contour Improved Perturbation Theory (CIPT), lead to conﬂicting values of αs. In order to im-
prove the strategy used in αs determinations, we have performed a systematic study of the perturbative behaviour of
these spectral moments in the context of FOPT and CIPT. Higher order coeﬃcients of the perturbative series, yet un-
known, were modelled using available knowledge of the renormalon content of the QCD Adler function. We conclude
that within these RGI frameworks some of the moments often employed in αs extractions should be avoided due to
their poor perturbative behaviour. Finally, under reasonable assumptions about higher orders, we conclude that FOPT
is the preferred method to perform the renormalization group improvement of the perturbative series.
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1. Introduction, framework, and results
The determination of αs from hadronic τ decays is
among of the most precise determinations of the QCD
coupling [1, 2]. In spite of the relatively low energy
scale set by the τ mass, in the inclusive hadronic width,
Rτ, the non-perturbative contribution is subleading and
the theoretical description is dominated by perturbative
QCD. In detailed analysis of αs, one exploits the knowl-
edge of the spectral functions, measured by OPAL and
ALEPH at LEP [3, 4], in order to construct other ob-
servables of interest. Diﬀerent moments of the spectral
functions are used; their theoretical counterpart is eval-
uated through ﬁnite energy sum-rules, as contour inte-
grals in the complex-energy plane. In this context, Rτ
can be understood as a particular choice of moment of
the spectral functions integrated up to the kinematical
limit s0 = m2τ. Other analytic weight functions and up-
per limits s0 ≤ m2τ (as long as s0 is large enough to
allow a perturbative treatment) also deﬁne observables
that can be computed theoretically. The use of tailored
weight functions can be instrumental to the αs analy-
sis, e.g., suppressing or enhancing the non-perturbative
contributions [3, 4, 5, 6, 7, 8, 9, 10].
Our focus is on the perturbative QCD contribution
to the diﬀerent moments used in αs analyses. Re-
cently [11, 12], we investigated the convergence of
the perturbative series after integration in the complex
plane employing two diﬀerent renormalization group
improvement (RGI) prescriptions and discussed how the
convergence properties of the series depend on the spe-
ciﬁc moment used. Here we brieﬂy describe the meth-
ods and the results of our analysis and try to summarize
the main conclusions.
For the theoretical description, the relevant quan-
tity is the QCD Adler function, which is renormaliza-
tion group (RG) invariant. The perturbative contribu-
tion to the observable deﬁned by the weight function
wi(s), denoted δ
(0)
wi , is obtained through an integration
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on the complex energy plane along the circle of ra-
dius s0. Deﬁning x = s/s0, Wi(x) = 2
∫ 1
x wi(z)dz, and
aμ ≡ a(μ2) ≡ αs(μ)/π, the explicit expression reads
δ(0)wi =
∞∑
n=1
n∑
k=1
k cn,k
1
2πi
∮
|x|=1
dx
x
Wi(x) logk−1
(−s0x
μ2
)
anμ.
(1)
The dynamical input to this series is fully contained
in the cn,1 coeﬃcients, known at present up to α4s or-
der [13]. The other coeﬃcients can be determined using
RG invariance in terms of the cn,1 and β-function coeﬃ-
cients.
The scale μ in the last equation can be set in a con-
venient way due to RG invariance. The two main-
stream choices are known as ﬁxed-order perturbation
theory [14] (FOPT) obtained by ﬁxing the scale μ2 =
s0, and contour improved perturbation theory [15, 16]
(CIPT) obtained when the running of αs is resummed
along the contour by setting μ2 = xs0. (The FOPT se-
ries can be reobtained from CIPT via the expansion of
the running coupling a(xs0) in terms of the coupling at
a ﬁxed scale μ2 = s0.) Both expansions are expected
to diverge at large orders due to factorial growth of the
perturbative coeﬃcients. Therefore, the two series de-
ﬁne two diﬀerent asymptotic expansions (at best) to the
value of the δ(0)wi . In practice, the numerical diﬀerences
are large at α4s which represents one of the dominant
sources of theoretical uncertainty.
A comparison between the two approaches regard-
ing their success in approximating δ(0)wi depends on as-
sumptions about the higher order terms. A strategy to
deal with this problem based on the available knowl-
edge of the renormalon singularities of the Borel trans-
formed Adler function was put forward by Beneke and
Jamin [17]. They were able to show that under reason-
able assumptions — to be discussed below — FOPT is
to be preferred for the inclusive τ hadronic width. Later
we extended this analysis [11, 12] in order to ascertain
how the behavior of the perturbative series depends on
the moment wi(x) as well as on the value of s0.
We work with the Adler function D̂, which contains
only the corrections to the parton model result,
D̂(s) ≡
∞∑
n=0
rn αs(
√
s)n+1, (2)
and deﬁne its Borel transform B[D̂](t) as
B[D̂](t) ≡
∞∑
n=0
rn
tn
n!
, (3)
with cn,1 = πnrn−1. The original series D̂ can be un-
derstood as an asymptotic expansion of the inverse of
transform B[D̂](t):
D̂(α) ≡
∫ ∞
0
e−t/αB[D̂](t), (4)
when the integral exists. This equation deﬁnes the Borel
sum of the series.
The Borel transformed Adler function has singular-
ities along the real axis both for negative and positive
values of t, known as renormalon singularities (for a re-
view see [18]). General RG arguments and the struc-
ture of the OPE allows one to determine the position
and, in principle, the strength of these singularities —
the residues are unknown. Singularities on the positive
real axis, infrared (IR) renormalons, give rise to ﬁxed
sign divergent series. These singularities obstruct the
integration in Eq. (3) and produce an ambiguity in the
Borel sum related to the prescription used to deﬁne the
integral. Singularities for t < 0, ultraviolet (UV) renor-
malons, give rise to sign alternating divergent series.
The ﬁxed sign nature of the exactly known coeﬃcients
of the Adler function suggests that the series is domi-
nated by IR singularities at low and intermediate orders.
The strategy then consists in constructing a model for
the Borel transformed Adler function containing a small
number of dominant renormalon singularities whose
residues are unknown. The residues are then ﬁxed in
order to reproduce the known coeﬃcients and an esti-
mate of the α5s term. The Adler function can be recon-
structed to all orders and the RG improved result can
be compared with a “true” result for δ(0)wi , obtained using
Eq. (4).
The main assumptions behind this strategy is that
the series exhibits some regularity, and that suﬃciently
many terms are known in order to ﬁx the contribution
of the leading renormalons. This has been tested in de-
tail using the large-β0 limit of QCD and the plausibility
of these assumptions has been conﬁrmed [11]. In this
limit, the Adler function is exactly known to all orders
and contains all leading terms in the number of ﬂavours,
Nf . The procedure outlined above, employed using as
input the ﬁrst few coeﬃcients of the series in the large-
β0 limit, leads to a robust post-diction of the higher or-
der coeﬃcients of the Adler function. The success of
the procedure in the context of the large-β0 limit pro-
vides strong evidence against the notion that “there are
no visible signs of renormalonic behaviour” [19] in the
known terms of the Adler function.
General RG arguments and the structure of the OPE
allow one to determine the position and strength of
the renormalon singularities in the t plane, though not
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their residues [18]. The ﬁxed-sign nature of the exactly
known coeﬃcients of the Adler function suggest that
at low and intermediate orders the series is dominated
by IR singularities. Two models were then constructed
[11, 17]. The ﬁrst, and more realistic one in our opinion,
assumes a logical hierarchy between the IR renormalon
contributions. The reference model (RM) of [17] con-
tains the ﬁrst two IR and the leading UV singularities.
The Borel transform Adler function in this model can
be cast as
B[D̂](u) = B[D̂UV1 ](u) + B[D̂
IR
2 ](u) + B[D̂
IR
3 ](u)
+ dPO0 + d
PO
1 u. (5)
The general structure of the individual branch-cut singu-
larities can be found in [17]. The residues and the coef-
ﬁcients dPO0,1 are ﬁxed by matching to the exactly known
c1,1 to c4,1 augmented by the estimate c5,1 = 283 [17].
Within this model, the conclusion of Ref. [17] in
favour of FOPT has been corroborated and extended
in our recent work [11]. All moments that display a
good perturbative behaviour favour the FOPT prescrip-
tion within the RM. This conclusion can be traced back
to the contribution of the leading IR singularity, related
to the D = 4 corrections in the OPE. If this singular-
ity is arbitrarily suppressed, one generates a model —
less realistic, in our opinion — in which CIPT is the
preferred prescription. To realize this scenario in prac-
tice, and assess possible model dependencies in our con-
clusions, we introduced the following alternative model
(AM) where the leading singularity is absent whereas
the sub-leading one at u = 4 is explicitly taken into ac-
count:
B[D̂](u) = B[D̂UV1 ](u) + B[D̂
IR
3 ](u) + B[D̂
IR
4 ](u)
+ dPO0 + d
PO
1 u . (6)
Within the AM, moments with good perturbative be-
haviour favour CIPT.
The models represent, therefore, two quite diﬀerent
situations regarding the interplay of the Adler function
coeﬃcients and the running coupling eﬀects. In the RM,
there are cancellations between the contribution from
the higher-order coeﬃcients cn,1 and the running cou-
pling eﬀects, at a given order in αs. In this case FOPT
is superior since it treats these contributions on an equal
footing, while CIPT misses the cancellations due to the
resummation of the running eﬀects to all orders. On
the other hand, the AM represents a situation where the
running eﬀects are dominant and should be resummed.
In this case, the high-order coeﬃcients can be neglected
and CIPT is a better prescription.
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Figure 1: Reference model. δ(0)wτ (s0) order by order in αs normalised
to the Borel sum for FOPT (left) and CIPT (right) with three values of
s0: 1.5 GeV2, 2.5 GeV2, and m2τ . Bands give the Borel ambiguities.
Since there is no known mechanism that would nat-
urally suppress the leading IR singularity in QCD, we
believe the scenario of Eq. (5) to be more realistic.
Using these two models for the higher orders, we per-
formed a systematic analysis of a collection of diﬀer-
ent moments, using diﬀerent s0 values, and comparing
the performance of FOPT and CIPT. As an example,
Figs. 1 and 2 show results for the kinematic moment
(which gives Rτ for s0 = m2τ) within the two models
[11, 12]. They clearly show the preference for FOPT
within the more realistic RM. CIPT gives the better ap-
proximation when the leading IR renormalon is artiﬁ-
cially suppressed.
2. Conclusions
Here we try to summarize our main conclusions [11,
12, 17]
• The ﬁniteness of the radius of convergence of
the expansion of the running coupling in terms
of αs(
√
s0) [16] cannot be used as an argument
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Figure 2: Alternative model. δ(0)wτ (s0) order by order in αs normalised
to the Borel sum for FOPT (left) and CIPT (right) with three values of
s0: 1.5 GeV2, 2.5 GeV2, and m2τ . Bands give the Borel ambiguities.
against FOPT, for the perturbative series of D̂ is
expected to be divergent. The models corroborate
this conclusion: FOPT provides a better asymp-
totic expansion than CIPT in the case of the RM.
• CIPT and FOPT deﬁne two diﬀerent asymptotic
series. FOPT treats the running of αs and the cn,1
coeﬃcients on an equal footing and only includes
at a given order n terms up to order αs(
√
s0)n. In
CIPT the running of αs is always resummed to all
orders although only a ﬁnite number of cn,1 coeﬃ-
cients contribute at a given order. Contrary to what
is often stated, there is no reason to believe that the
diﬀerences in the αs values from FOPT and CIPT
can be attributed to missing higher orders.
• The preference for FOPT or CIPT can be mapped
into an assumption about the renormalon content
of the QCD Adler function. FOPT is superior
whenever a sizable contribution from the leading
(D = 4) IR renormalon is present. The natural-
ness of this scenario is a strong argument in favor
of FOPT. The (artiﬁcial) suppression of this contri-
bution realizes a scenario where CIPT is superior.
• In the context of the RGI frameworks discussed
here, some of the moments that are commonly em-
ployed in determinations of αs should be avoided
due to their poor perturbative behavior. In particu-
lar, the moments that emphasise higher OPE con-
densates (D ≥ 8) used in [3, 4, 5, 6] should be
avoided. In contrast, the moments used in [7, 8, 9,
10] have a better convergence, and at least one of
the series (FOPT or CIPT) approaches the “true”
value at relatively low orders.
• Several detailed tests of our procedure have been
performed with and without the use of the large-β0
limit [11]. They support the notion that the method
is rather robust, and that the model dependence —
although unavoidable — is smaller than stated in
the literature [19].
• Ideally, the goodness of the RGI framework should
be moment independent. Preferentially, it should
also be independent on the assumptions about the
renormalon singularities of the Adler function (in
the context of our work this can be rephrased as
being model independent). To our knowledge, the
most promising strategy in this direction is the
use of conformal mapping techniques based on the
partial knowledge of the Borel transformed Adler
function [20].
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